Flows whose energy dissipation rate is almost independent of small microscopic coupling coefficients are of central interest in fluid dynamics. For example, they are observed with Landau damping in collisionless plasmas, with reconnection in magnetized fluids or plasmas, and with fully developed turbulence in incompressible neutral fluids. Despite its ubiquity, the phenomenon is still often called ''anomalous dissipation.'' One way of approaching it has been to look for generic structures whose existence in the flow is sufficient to imply nonzero energy dissipation. Shocks in compressible flows are a relatively well understood example of such energy dissipating structures, but their well-established theory [1] is an exception.
In this Letter, we focus on two-dimensional incompressible flows in contact with solid boundaries, for which the understanding is, comparatively, at an embryonic stage. Working with the inviscid potential flow equations, later generalized as the Euler equations, d'Alembert in 1752 came up with the famous paradox bearing his name [2] that the flow would exert no drag force onto solid obstacles. The Navier-Stokes equations (NSE) were then derived during the 19th century by including friction effects. It was gradually realized that the paradox came from the singular nature of the vanishing viscosity limit, mostly due to the no-slip boundary condition imposed along the solid boundary. In 1904, Prandtl [3] resolved the paradox in the very special case of flows in which the effects of viscosity are confined to a boundary layer of thickness proportional to Re À1=2 in the neighborhood of the wall, where Re is the Reynolds number. He was able to compute a drag coefficient, and hence also an energy dissipation rate, which are both proportional to Re À1=2 in the vanishing viscosity limit. Prandtl's theory does not apply when the boundary layer detaches from the wall, because the Euler equations can then no longer be used to describe the flow, even far from the solid boundary. In 1984 Kato [4] proved mathematically that, in the vanishing viscosity limit, the energy dissipation rate tends to zero if and only if the solution of the NSE converges to the solution of the Euler equations with the same initial data. He also proved in the same paper that, for dissipation to occur anywhere in the flow at any time, at least some dissipation had to occur within a very thin boundary layer of thickness proportional to Re À1 in the neighborhood of the wall.
The generic event that we focus on in this Letter consists in the collision of a vorticity dipole into a solid wall, a classical object of experimental studies (see, e.g., [5] ), which has also been used for benchmarking several numerical methods [6] [7] [8] [9] . A first specific study of energy dissipation appeared in [10] , where the NSE with no-slip boundary conditions were approximated using Galerkin discretization over a basis of Chebychev polynomials, both in the wall-parallel and wall-normal directions. The numerical solutions satisfied the no-slip boundary conditions to machine accuracy, but it was later found out [7] that they were not converged beyond the collision time.
In contrast, to cope with Kato's theorem, we have focused on using a numerical scheme which resolves scales at least as fine as Re À1 . This stringent requirement on resolution has not been enforced, to our knowledge, in any previous numerical experiments at similar Reynolds numbers. The best way that we have found to comply with it was to work with a numerical model known as volume penalization [11, 12] . The counterpart, as we shall show in detail below, is that the no-slip boundary conditions are replaced by Navier boundary conditions with a slip length tending to zero when Re ! 1.
The initial value problem for the NSE with volume penalization (PNSE) can be written as follows [11] :
where uðx; tÞ and pðx; tÞ are, respectively, the velocity and pressure fields defined for x in the unit torus T 2 ¼ ðR=ZÞ 2 and t ! 0, is the kinematic viscosity, is a mask function which equals 0 in the fluid part of T 2 and 1 elsewhere, and is the penalization parameter which needs to be sufficiently small in order to impose that the velocity almost vanishes outside . In the following we shall take ¼0:05; 0:95½ÂT, thus modeling a periodic channel. To be consistent with previous studies [6, 8] , the Reynolds number is defined as Re ¼ UL , where L is the half-width of the channel (L ¼ 0:45 in our units) and U is the initial rms velocity. Note that both the NSE and PNSE are well posed in two dimensions; see [13] .
Our main quantity of interest will be the kinetic energy eðx; tÞ ¼ 1 2 juðx; tÞj 2 which evolves pointwise according to
where the term jruj 2 will be called the local energy dissipation rate, as in [4] . The total energy E ¼ R
where Z ¼ 1 2 R T 2 jruj 2 is the enstrophy. For ! 1, the PNSE reduces to the NSE in T 2 , and the solution then satisfies the following scaling for energy dissipation [14] , which we call wall-less scaling:
For ! 0 and fixed Re, it has been proven mathematically [15, 16] that the PNSE approaches the NSE in with no-slip boundary conditions. This convergence has been checked numerically [8] for the dipole-wall collision at Re ¼ 1000.
The initial data that led to a dipole-wall collision were introduced in [6] . It is conveniently defined by its vorticity field ! 0 ¼ r Â u 0 , for which the analytical expression is
where a 0 ¼ ð0:445; 0:5Þ, a 1 ¼ ð0:555; 0:5Þ, r ¼ 0:045, and ! e ¼ 299:5, so that U ¼ 0:443. Note that in addition to the numerical scheme, two things differ from [10] : the initial distance between the two vortices is slightly larger, and the domain is a channel instead of a square container.
To benefit from optimal efficiency, we work with the vorticity formulation of the PNSE in divergence form [12] . Moreover, in order to enforce the energy balance equation (3) to round-off accuracy, the mask is mollified over about 20 grid points so that its Fourier transform is compactly supported. The equations can then be discretized using a pseudospectral scheme [16] with a finite number K of Fourier modes. To avoid aliasing errors, the grid over which the products are evaluated has N ¼ 3K points in each direction. For time discretization we have used an explicit third order low storage Runge-Kutta scheme, with an integrating factor method ( [17] , p. 111) to take into account the viscous term. The duration t of each time step is adjusted to ensure stability. The parameters of the four numerical experiments whose results are reported in this Letter are listed in Table I . Our choices of resolution are dictated by the requirement to resolve scales as fine as Re À1 , and we take as small as possible but such that it does not constrain t more than the Courant-Friedrichs-Lewy condition does. Figure 1 depicts the vorticity field in the subdomain ½0:708; 0:962 Â ½0:5; 0:754, at t ¼ 0:36, 0.4, 0.45, and 0.495, for Re ¼ 7880, computed with N 2 ¼ 16384 2 grid points. Since the vorticity field is antisymmetric with respect to x 2 ¼ 0:5, we need only describe its evolution in the upper half of the domain. We observe that, as the positive vortex of the impinging dipole propagates rightwards, a sheet of negative vorticity is created on the wall. The sheet starts to roll up after having reached an 
PRL 106, 184502 (2011) P H Y S I C A L R E V I E W L E T T E R S week ending 6 MAY 2011
184502-2 intensity of about 17 times the initial vorticity maximum, and a strong vortex is hence produced. The produced vortex then pairs with the impinging vortex to form a secondary dipole which bounces back from the wall. Before presenting further results, we would like to dwell on the issue of boundary conditions. We concentrate on the wall facing the impinging dipole and, to avoid grid effects, we define its position as the isoline ¼ 0:02 along which we interpolate the fields. The value 0.02 is somewhat arbitrary, but its order of magnitude can be justified by balancing the penalization term 1 u with the viscous term Áu in the PNSE. With this definition, the wall-normal velocity u 1 is smaller than 10 À3 independently of Re, so that to a good accuracy there is no flow through the boundary, as expected. But the wall-parallel velocity u 2 reaches values of order 0.1, to be compared to the initial rms velocity U ¼ 0:443. Plotting u 2 as a function of @ 1 u 2 for t ¼ 0:495 along the wall (Fig. 2, left) reveals a relationship of the form
with a correlation coefficient higher than 0.98 in all cases. Hence, restricted to the domain < 0:02, u almost satisfies the NSE with Navier boundary conditions and with a slip length . Values of obtained from least squares fits are shown in Fig. 2 (right) as a function of Re, where we observe that is approximately proportional to Re À1 .
We now come to our main results concerning energy dissipation. In Fig. 3 (left) , Eðt ¼ 0:2Þ-Eðt ¼ 0Þ and Eð0:495Þ-Eð0:39Þ are plotted versus Re. During the time interval ½0; 0:2, the effect of the boundary is still negligible and the wall-less scaling (4) is recovered. During ½0:39; 0:495, we find that the Prandtl scaling Eð0:495Þ-Eð0:39Þ / Re À1=2 nearly holds. To give more weight to the effects of the boundary, we now compute the enstrophy increase during the same time intervals, i.e., respectively, ½0; 0:2 and ½0:39; 0:495 (Fig. 3, middle) . We observe that Zð0:495Þ-Zð0:39Þ / Re, suggesting that in that time interval the global energy dissipation rate 2ZRe À1 does not go to zero in the vanishing viscosity limit. This cannot be seen on the curve of Eð0:495Þ-Eð0:39Þ because the effect of the bulk dissipation is still dominant at the Reynolds numbers considered here. However, since Eð0:495Þ-Eð0:39Þ % 2 R 0:495 0:39 ZðtÞdt, we expect that at higher Re, the dissipative scaling Eð0:495Þ-Eð0:39Þ / Re 0 holds. To provide more conclusive evidence of this, we isolate two regions where energy is actually dissipated: region A, a vertical slab of width 10N À1 inside the fluid domain along the isoline ¼ 0:02, and region B, a square box of side length 0.025 around the center of the main structure that has detached from the wall at t ¼ 0:495 (dotted box in Fig. 1, right) . The energy dissipation rate, as defined by (2), is integrated, respectively, over the domain A or B and plotted versus Re in Fig. 3 (right) . It can be seen that in both cases the dependence on Re becomes weak for Re * 2000.
The understanding of these results is facilitated by following some Lagrangian particles in the flow. Particles were advected using a bicubic interpolation of the velocity field and third order Runge-Kutta time integration. We now describe the evolution of the energy dissipation rate jruðx; tÞj 2 along three selected trajectories for Re ¼ 3940 (Fig. 4) . The first striking feature is that it displays a strong maximum for two particles which start from the wall (green and red), occurring when they are still in region A, near the wall. In contrast, there is little dissipation along the third trajectory (blue), which starts away from the wall and never enters its vicinity, i.e., region A. At later times, energy dissipation goes back to much smaller values for one of the trajectories that approached the wall PRL 106, 184502 (2011) P H Y S I C A L R E V I E W L E T T E R S week ending 6 MAY 2011 184502-3 (green), while it is still 1 order of magnitude larger for the other one (red), because the particle is trapped inside the strong vortex produced at the wall (corresponding to region B at t ¼ 0:495).
We have shown that the dipole-wall collision, a wellknown generic event in two-dimensional incompressible flows, is a good candidate for having nonzero energy dissipation in the vanishing viscosity limit. We have imposed Navier boundary conditions with a slip length proportional to Re À1 . Note that the convergence of solutions to the NSE under Navier boundary conditions with a slip length varying as ¼ Re À to solutions of the Euler equations has been proven mathematically for < 0:5 [18] , but that the case ! 0:5 is still open. Our results suggest that convergence does not hold for % 1, due to the same scenario that is implied by Kato's theorem, namely, that energy keeps being dissipated in a very thin boundary layer of thickness proportional to Re À1 , orders of magnitude thinner than the Prandtl boundary layer, and which was also predicted by Burgers [19] to explain the observed behavior of the drag force. We propose to call it the Burgers-Kato boundary layer. In addition, we have shown that energy dissipation continues within spiral structures detaching from the boundary, and is likely to occur only along Lagrangian trajectories that ''crash'' into the wall when Re ! 1. We argue further that energy dissipating structures may be common in 2D wall-bounded flows, with slip or no-slip boundary conditions, as long as the slip length is small enough. They could perhaps be observed in soap film experiments or in oceanic flows. These structures are not encompassed by existing statistical theories of 2D turbulent flows [20] [21] [22] . Understanding the statistical properties of flows containing energy dissipating structures is thus an open question of great relevance to a theory of 2D wall-bounded turbulence [23] .
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